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Figure 1.1: The derivative is the slope of the tangent line.

“But Professor Williams, what if the graph isn’t smooth?
What if it has a kink? How do you know which tangent line
to use?”

I smiled. “Great question, Megan. I’m glad you asked.”
She returned the smile, pleased with the compliment. Megan
tended to dress on the conservative side, and that day, she
was wearing a tan cashmere sweater over a white blouse,
with pearls and a matching tan skirt. Thora, who was sitting
just behind Megan, and who had chopped purple hair and
more piercings than I could easily count, gave a barely
audible groan.

“Suck up,” shemuttered, just loud enough forMegan and
me to hear. I ignored Thora’s interjection. In fact, Thora was
just as talented as Megan, but she did her best to hide it.

I drew this next picture (Fig. 1.2) on the board.
“At this point, any of these lines could be valid tangent

lines. So there’s no well-defined slope, and therefore no
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Figure 1.2: A graph with a point where there is no unique tangent line.

well-defined derivative. So the derivative doesn’t exist at this
point.” Megan nodded as I spoke.

It was at this moment that through the window I noticed
one of my perennially late students shambling toward class.
He was looking particularly disheveled, and I wondered to
myself about the appropriate tack to take when he entered
the classroom. Charlie wasn’t a bad kid, and he wasn’t bad
at the math either. He was just a serious flake who was too
disorganized to attend class regularly or turn homework in
when it was due. If I had to guess, I suspected the reason he
was late this Friday was a drunken binge the night before.
Thursday night parties were becoming more and more of a
problem.

Although I anticipated the door opening, I continued on.
“At all the other points on the graph other than the kink
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Figure 1.3: Two ways to travel 50 miles in an hour.

in an hour by going 20 miles per hour for half of the time
and then speeding up to 80 miles per hour for the rest of
the time.” I drew Figure 1.3 on the white board hanging on
the wall.

“Oh yeah,” said Angus. “Your speed usually varies. So
when you’re going 20 miles per hour, your derivative is
20 mph and when you are going 80 miles per hour, your
derivative has increased to 80 mph. Like when you start
running. You start at a slower speed but then you build up to
a faster speed. So your derivative changes. Like Doctor Ortiz
there.”

Raphael Ortiz, a faculty member in chemistry, had been
hiding behind a bush, his orange polo shirt barely visible.
But he had seen an opening, so he made a break for it. It
took him a second to get up to speed, but I could see he
was in good shape as he sprinted toward the parking lot.
He attracted several zombies, including McCutcheon and
the chaplain, but he had a good head of steam and had no
trouble outdistancing them. As Angus had pointed out, he
started slower but got going faster until he reached his top
speed, which he maintained for most of the distance. He had
strong incentive.
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Figure 2.1: Exponential growth.

“How fast?” asked Angus.
“Exponentially,” replied Gunderson in a sarcastic tone.
“It means,” I said to Angus, “that the number of zombies

is growing like the exponential function. That is to say, if Z is
the population of zombies at any given time t, then we have
a function like this.” I wrote this equation on the board.

Z = Z0er t

Then I drew Figure 2.1.
“Okay,” said Marsha. “I’m good with the Z and the equal

sign. But I don’t get the Z0, the e, the r , and the t.”
“Is that all?” said Gunderson.
“Ignore him,” I said to Marsha. “Z0 is the size of the

initial population of zombies. We can probably assume this
started with one individual who was somehow infected. So
we can take Z0 = 1.”
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Figure 2.2: Growth rates yield different functions.

“Let’s suppose each zombie infects five other people per
hour. Then, the population of zombies quintuples every
hour. To get that, we let r = ln 5.

“Really? Why ln 5? That seems like a funny choice,” said
Angus.

“Because then the function becomes Z = Z0e ln 5t . Since
ex and ln x are inverse functions, they cancel each other out
and we get

Z = Z0e ln 5t = Z05t .

So each time we increase t by an hour, the population of
zombies quintuples. The current zombie population would
then be Z = Z05t = 1(56).” I took the calculator off Jessie’s
desk, and punched in the numbers.

“That’s about 15,000 infected individuals.”
“Wow!” said Marsha.
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Figure 3.1: The standard normal distribution (bell curve).

“Yes, but regardless, if someone isn’t fast enough, they’re
dead. Just think about the various speeds that people can
run. And I don’t mean the 100-yard dash. I mean how fast
they can run for a sustained amount of time. Those speeds
are normally distributed around the mean. And the average
time for someone to run amile, excluding small children and
bedridden invalids, is about 12 minutes. So the mean speed
is about 5 miles per hour.”

“What’s normally distributed mean?” asked Angus.
“Haven’t you had any statistics? You know the

normal curve?” asked Gunderson. “Is this picture ringing
any bells?”

He drew Figure 3.1 on the board.
“That does look like a bell,” said Angus.
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Figure 3.2: The general normal distribution.

“I do. So now look at various people’s speeds,” continued
Gunderson. “The mean is µ = 5 mph. I don’t know exactly
what the standard deviation σ is, but it’s probably around
σ = 3. That means that we expect that the percent of people
who can run between 2 mph, which is essentially a walk, and
8 mph, is 68.3%.”

“Where did that percentage come from?” asked Angus.
“Thin air?”

“If you knew some statistics,” said Gunderson peevishly,
“you would know that’s just a fact about the bell curve. The
percent of the total area under the curve that is within one
standard deviation to either side of themean is always 68.3%.
Within two standard deviations is 95.5% and 3 standard
deviations is 99.7%. It’s called the 68-95-99.7 Rule.”
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Figure 3.3: The people who run slower than the zombies.

“Not a very catchy name,” said Angus.
“It doesn’t need to be catchy. It just needs to work.”
“So what’s your point?” asked Angus.
“My point is that this means 31.7% do not run between

those speeds. So we expect half of those to run slower and
half of those to run faster. In other words, say about 16%
run slower than the zombies move. So we can essentially
eliminate them from consideration. They are dead.” He
crossed out the left shaded region as in Figure 3.3.

“So what does any of that have to do with anything?”
asked Marsha.

“How fast can you move in those heels?” asked
Gunderson.
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Figure 4.1: The dean’s path and the zombie’s path.

Collins was the dean of the faculty. He had been tall and
agile in his day, a basketball player in college before he went
on to get a Ph.D. in classics. But now he was pushing 65, and
he had been suffering from hip trouble. We watched as he
did his best to evade a zombie that had spotted him from
several yards away.

“Classic pursuit problem,” I mumbled.
“What does that mean?” asked Angus.
“Watch,” I said. “The zombie’s goal is to catch the dean

and the dean’s goal is to evade capture. Dean Collins is head-
ed for Sleason Hall, so he’s taking the straight line path to get
there. If the zombie had a brain left in its head, it would cut
him off, aim for a point on the path that Collins has to take.”

I drew the picture in Figure 4.1 with chalk on the black-
board mounted on the wall.
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Figure 4.2: The tangent vector to a curve always points in the direction
of motion.

“But notice the zombie’s tangent vector is pointed
straight at the dean at all times, not in front of him.”

“Now you’ve lost me,” said Angus.
“Me, too,” said Marsha.
Gunderson sighed. “I’ll explain it,” he said. “If you’re

moving along a path, your tangent vector is the arrow that
points in your direction of motion. Its length is the speed at
which you are moving at that instant.”

He stood up and drew the picture in Figure 4.2 on the
blackboard.

“But the zombie’s direction is always changing. So which
way should the arrow point?” asked Angus.

“That’s the point,” said Gunderson. “As the zombie
changes direction, his arrow, the tangent vector, points in
the direction he is headed in at any given instant. It changes
direction as he does.”

“What’s a vector?” asked Marsha.
“If you don’t know about vectors, I’m not going to

explain it to you now,” said Gunderson.
“A vector’s like an arrow,” I said. “It has a direction and

length. But the nice thing about a vector is that if you keep
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Figure 4.3: A vector has a direction and a length but it can start
anywhere.

the direction and length the same, you can start it anywhere.
So if the vector is the tangent vector, you can start that arrow
at the point on the curve for which it is a tangent vector.”
I drew Figure 4.3 on the blackboard.

“So how do you figure out the tangent vector at any given
point on the curve?” asked Angus.

“Well,” continued Gunderson, “suppose the original
curve of motion is given by a function p(t) = 〈 f (t), g (t)〉.
The p stands for position function. It’s given by two func-
tions. The first, f (t), gives the x-coordinate at time t and
the second, g (t), gives the y-coordinate at time t.

“Then the tangent vector is given by taking p′(t) =
〈 f ′(t), g ′(t)〉. We just differentiate each of the coordinate
functions. The resulting vector, which we call the velocity

57

ListenUp
Highlight



June 19, 2014 Time: 10:12am chapter4.tex

CHAPTER 4

p(t) = 〈f(t), g(t)〉

v(t) = 〈f´(t), ǵ (t)〉

Figure 4.4: The tangent vector is given by v(t) = 〈 f ′(t), g ′(t)〉.

vector v(t), will always be tangent to the curve, and therefore
point in the direction of motion at the point on the curve,
and its length will always be the speed of the person.”

Gunderson drew Figure 4.4 on the blackboard.

(IV. The tangent vector continued on p. 166)

The dean continued to hobble across the quad, as the zombie
continued to head toward him.

“But the dean’s tangent vector doesn’t change direction,”
said Marsha.

“That’s right,” I said. “Because Collins is moving in a
straight line, his tangent vector is always pointed in the same
direction, straight toward the doors to Sleason.”

“But then what was your point?” asked Jessie.
“Well, look at the direction the zombie is headed. His

tangent vector is always pointed straight at where the dean
is at that instant.” I added three instants in time to the first
drawing on the board (Fig. 4.5).
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Figure 4.5: The zombie’s tangent vector points toward the dean.

“So he ends up following the dean’s path rather than
cutting him off. He should head to where the dean will be
in a few seconds and then he could cut him off.”

“So what does the path for the zombie look like?” asked
Jessie.

“It’s called a radiodrome,” I replied.

(V. Pursuit continued on p. 169)

“Usually people describe it in terms of the path a dog would
take to chase a rabbit that is running in a straight line at
a constant speed. Dogs do the same thing. They head for
where the rabbit is at any given instant. The interesting
part is that if the dog has the greater speed, he will always
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Figure 4.6: Slower dog chasing rabbit that passes nearby.

eventually catch the rabbit, assuming the rabbit doesn’t
make it to its rabbit hole first. But if the rabbit has the
same speed or greater speed than the dog, the dog can never
succeed in catching the rabbit.”

“Even if the rabbit heads almost straight by the dog?”
asked Jessie.

“Yes,” I said, drawing Figure 4.6. If the dog isn’t smart
enough to cut off the rabbit, and just heads to where the
rabbit is at that instant, the rabbit always gets by.”

“If the rabbit comes really close to the dog, can’t the
dog just lean over and bite the head off the rabbit?” asked
Gunderson, smiling innocently.

“I was assuming an idealized model,” I replied, “where
the rabbit and the dog are each represented by points. It’s
true that in the real world, if the rabbit comes close enough
to the dog, the dog can catch the rabbit.”

“In case you hadn’t noticed, Williams, we live in the real
world. Idealized models are a waste of time. But maybe you
pure mathematicians are unaware of that fact.”

“Oscar, be nice,” said Jessie, frowning at him. He contin-
ued to smirk.

We turned to watch the slow motion pursuit in the
courtyard below. As the dean came within a few yards of
Sleason, the zombie continued to close the gap.
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Figure 5.1: Zombie pursuing Angus, who rides his bike in a circle.

“Once the zombie gets to a position like this, then it just
follows you around. See its tangent vector is always pointed
at you, and the distance between you and the zombie never
changes. The size of the circle that the zombie follows is
determined by the relative speed of the zombie to you.”

“What do you mean?”
“Say the zombie moves at half your speed. Once the

zombie settles into what is essentially the limit cycle circle,
both you and the zombie travel around your respective
circles in the same amount of time, call it t0. But you travel
the circumference of your circle, which is 2π R, where R is
the radius of your circle, while the zombie travels 2πr , where
r is the radius of its circle. So your speed is 2π R

t0 , and its speed
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Figure 5.2: On the limit cycle, the zombie’s distance to Angus never
changes.

is 2πr
t0 . If it travels half as fast as you, then

1
2

= zombie’s speed
your speed

=
2πr
t0

2π R
t0

= r
R

,

“So we get r = R
2 . The radius of the zombie’s circle is

exactly half the radius of your circle. And, in general, the
radius of the zombie’s circle will be the fraction of the radius
of your circle corresponding to the fraction of your speed
that is its speed.”

“Then the zombie will never catch me, no matter where
it starts. And since the zombies all seem to move at the
same speed, it doesn’t matter where they start. They all end
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Figure 6.1: Logistic growth of the number of zombies.

“P0 is the total population before the infection begins. So
if we’re talking about the United States, it would be just over
three hundred million. But let’s just talk about the town of
Westbridge. Then it’s about ten thousand.”

“Okay,” said Marsha.
Jessie continued. “If we let Z be the number of infected

people in town, then the rate at which their number grows
will be proportional to the number of infected people, which
is Z , times the number of uninfected people, which is P0−Z .
So we get this differential equation.” She wrote the following
equation on the board.

dZ
dt

= kZ(P0 − Z)

“Why would the derivative be proportional to
Z(P0 − Z)?” asked Angus.
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Figure 8.1: Zombie with initial temperature 70◦ cooling in a room of
temperature 50◦. Each curve corresponds to a different value of k.

“So you’re telling me you went through all this only to
tell me you don’t know k,” said Gunderson.

“Well, usually in determining the time of death of a
body, for example, the coroner takes a couple of readings
of the body temperature, a set time interval apart, and that
additional information determines k.”

“I see,” said Gunderson. “So how does the coroner take
those temperature readings?”

I looked down at the floor.
“Usually rectally.”
Gunderson laughed. “So you’re suggesting we go out

there in the garage and rectally measure the temperature
of one of those zombies who’s slobbering on the window?
Great plan, Williams. I’m sure they’ll be happy to go along.”
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Figure 9.1: The decay in the number of zombies if there are no prey.

So our differential equation becomes

dH
dt

= αH − βHZ.”

“And what about the zombies?” I asked.
“First, think about what would happen to them if there

were no humans. The number of zombies would exponen-
tially drop off. They would begin starving to death. So the
equation in that case would be

dZ
dt

= −γ Z.

We’ve seen before that dZ
dt = γ Z gives exponential growth.

When we add in the negative sign, it gives exponential decay.
So the resulting function would look like this.” Jessie drew
Figure 9.1 on the whiteboard.
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Figure 9.2: Curves in the HZ-plane.

Then the human population shrinks to such a point that
the zombies can’t find enough humans to feed upon or
to convert, so the zombie population starts to drop. This
takes us to point C . Then with fewer zombies, the human
population has a chance to recover and we get to point
D. But once the human population gets large enough, the
zombies once again have plenty to feed on and to convert,
and their number grows again, bringing us back to point A
where we started. And the numbers cycle like that forever.”

“What do you mean?” asked Ortiz. “The number of
zombies goes up and down like a yo-yo forever?”

“Yup. It looks like this.” She drew Figure 9.4.
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Figure 9.3: The predator-prey curve.

“So the good news is that humankind could survive this
way,” continued Jessie. “We could live in a world in which
the zombies lived, too. The bad news is that in this model, we
never get rid of the zombies. They keep making comebacks.

“But keep in mind this model doesn’t take into consid-
eration that humans are smart. In early human history, we
were hunted by other beasts, and our population and theirs
probably followed a cyclic oscillation like this. But eventu-
ally, we used our intelligence to outsmart the predators. We
moved into caves and sharpened spears and used our brains
to figure out how to beat them. And eventually, we wiped
them out and became the dominant species. So if we can

146

ListenUp
Highlight



June 19, 2014 Time: 10:19am chapter9.tex

HOUR 24

t (time)

Z

H

Z

H

Figure 9.4: The oscillatory behavior of the human-zombie system.

survive the zombies long enough, the hope would be that the
same would hold true for us. We just have to survive long
enough.”

“So how do we do that?” asked Thora softly. Everyone
turned to look at her.

“We head north,” I said.
“North?” said Sylvia. “Why would we do that? We’re safe

enough here.”
“How much more candy do we have access to, Sylvia?”

I asked. “We can’t just stay here in the Science Center.”
“Why north?” asked Marsha.
“Because they hibernate when it gets cold,” I replied. “So

the farther north we go, the more time they’re hibernating. If
we make it to winter, they’ll be hibernating all the time. But
we have to make it that long.”
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Figure A.1: The force curve.

“Well, we can think of it this way. The impulse is the
amount of area under the force curve for the time interval
of contact. We want the impulse for the average force we
calculated before to be equal to the impulse for this new
sine squared force. In the case of the average force, which
we’re thinking of as being constant, we get an area of 900 ×
.007 = 6.3 newton-seconds.” I pointed to the shaded area
in Figure A.1.

“We match the area under the sine squared curve with
this area and that allows us to determine J .”

“But to find the area under the sine squared curve, don’t
we have to integrate?” asked Angus.

“Exactly.”
“But how do we find

∫
J sin2

(
π t

0.007
)
dt?”

“We just use the double angle identity sin2 θ = 1−cos(2θ)
2 .
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So∫
J sin2

(
π t

0.007

)
dt =

∫
J
(1 − cos 2( π t

0.007 )
2

)
dt

= J
(
1
2

∫
dt − 1

2

∫
cos
(

2π t
0.007

)
dt
)

.

The first integral is easy, but to do the second integral,
we need to use u-substitution. We let u = 2π t

0.007 . Then
du = 2π

0.007dt, so dt = 0.007
2π du and we get:

∫
cos
(

2π t
0.007

)
dt =

∫
cos u

(
0.007
2π

)
du

= 0.007
2π

sin u + C

= 0.007
2π

sin
(

2π t
0.007

)
+ C .

So we get

∫
J sin2

(
π t

0.007

)
dt = J

(
t
2

− 0.007
4π

sin
(

2π t
0.007

))
+ C .

Then, for the definite integral,

∫ 0.007

0
J sin2

(
π t

0.007

)
dt = J

(
t
2

− 0.007
4π

sin
(
2π t
0.007

))]0.007
0

= J
(
0.007
2

)
= J (0.0035).

161



June 19, 2014 Time: 10:23am appendixa.tex

CONTINUING THE CONVERSATIONS

x

y

r

h

(r, h) = (x, y)

Figure A.2: Polar coordinates.

Then

I 2 =
(∫ ∞

−∞
e

−x2
2 dx

)(∫ ∞

−∞
e

−y2
2 dy

)

=
∫ ∞

−∞

∫ ∞

−∞
e

−x2
2 e

−y2
2 dy dx

=
∫ ∞

−∞

∫ ∞

−∞
e

−x2−y2
2 dy dx.”

“Okay . . . ”
“Do you know polar coordinates?” I asked.
“Sure, when you replace the regular coordinates x and

y by r and θ , where r is the distance to the origin, and θ

is the angle between the line from the origin to (x, y) and
the positive x-axis,” he said as he drew Figure A.2. “Then
r 2 = x2 + y2 by the Pythagorean Theorem.”
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Figure A.3: Varying each coordinate.

“That’s right.”
“But something funny happens when you do a double

integral in polar coordinates,” said Angus.
“That’s right,” I said. “If we vary each of the coordinates

a little, changing θ by �θ and r by �r , we get a region that
looks like this.” I drew Figure A.3.

“This region is very close to a rectangle. The bottom left
arc has length r�θ and the radial edge has length �r .”

“Huh? I don’t see why that bottom left arc has length
r�θ , ” said Angus.

“Think of it this way. That edge is actually part of a
circle with radius r and angle �θ . The full circle would have
circumference 2πr , and the fraction of the circle that it gives
is �θ

2π , so it should have length
(

�θ
2π
)
2πr = r�θ .”

“Oh, yeah.”
“Then, as �r and �θ get smaller, this region gets closer

and closer to being a rectangle, so we know its area �A is
approximately r�r�θ .”
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“Yeah?”
“Yeah. Then, in the limit, instead of using dA = dy dx

in the integral, we replace it with rdr dθ . So we get

I 2 =
∫ ∞

−∞

∫ ∞

−∞
e

−x2−y2
2 dy dx

=
∫ 2π

0

∫ ∞

0
e

−r2
2 r dr dθ.

Now, we can do the inner r -integral by u-substitution, with

u = −r 2

2
. Then du = −r dr :

I 2 =
∫ 2π

0

∫ ∞

0
e

−r2
2 r dr dθ

=
∫ 2π

0

∫ −∞

0
eu(−1) du dθ

=
∫ 2π

0
(−eu)

]−∞

0
dθ

=
∫ 2π

0
(0 − (−1)) dθ

= 2π.

So I 2 = 2π and since I is clearly positive, I = √
2π . That’s

what we wanted to show.”
“That’s a pretty cool trick,” said Angus.
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(t + Dt, f(t + Dt))

t + Dt

Figure A.4: The definition of the derivative.

“Then if we replace the two derivatives in v(t) =
〈 f ′(t), g ′(t)〉 with this expression,” I continued, “we get

〈 f ′(t), g ′(t)〉 =
〈

lim
�t→0

f (t + �t) − f (t)
�t

, lim
�t→0

g (t + �t) − g (t)
�t

〉

= lim
�t→0

1
�t

(〈 f (t + �t), g (t + �t)〉 − 〈 f (t), g (t)〉).”

“Double trouble,” said Angus.
“Just hang on a second,” I said. “Take a look at that vector

w = 〈 f (t + �t), g (t + �t)〉 − 〈 f (t), g (t)〉.”
I drew Figure A.5. “Notice that as �t approaches 0, the
direction of this vector approaches the tangent direction.
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tangent vector

Figure A.5: The velocity vector is tangent.

The fact that it’s multiplied by 1
�t will only affect its length,

not its direction.”
“I see that,” said Angus. “So in the limit, it’s tangent to

the curve. But what about its length? Since �t is going to 0,
and that’s in the denominator, won’t that make its length go
to infinity?”

“Not actually. The vector w in the numerator is also
getting shorter and shorter as �t goes to 0, so those two
effects counteract each other.”

“So then what happens to the length?”
“The length of any vector u = 〈a, b〉 is obtained by ap-

plying the Pythagorean Theorem. So its length is
√
a2 + b2.

In this case, the length of the vector v = 〈 f ′(t), g ′(t)〉 is just√
f ′(t)2 + g ′(t)2. But since f ′(t) is the speed with which the

x-coordinate is changing and g ′(t) is the speed with which
the y-coordinate is changing,

√
( f ′(t)2 + g ′(t)2 will be the
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Figure A.6: Zombie chasing the dean.

That differential equation must then be satisfied by the
zombie’s curve.”

“What does that tell us?” asked Jessie.
“Well, notice at time t = 0, both the zombie and the dean

are on the x-axis. So the line between them at that time has
slope 0. So dy

dx equals 0 at time t = 0.”
“Yes,” said Jessie.
“But if the zombie catches the dean,” I continued, “they

will then have the same x-coordinate. That occurs when
x = a.”

“But when x = a, the denominator in the right side of
that differential equation is 0, so dy

dx = ∞,” said Angus.
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Figure A.7: Zombie catches the dean from directly behind.

“Yup,” I agreed. “The zombie always catches up to the
dean from directly behind. The zombie’s curve must have a
tangent vector that is horizontal at the beginning and vertical
at the end.” I drew Figure A.7.

“But then how do you figure out an explicit equation for
the zombie’s curve?” asked Jessie.

“That’s hard,” I replied. “If you want to see it, you should
look at the book Chases and Escapes by Nahin” ([7]).

“I don’t really have time for that right now,” said Jessie,
giving me a look that made it clear how ridiculous my
suggestion was.
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Figure A.8: Angus’s path in circular pursuit.

VI. Circle pursuit (continued from p. 69)

“How do you figure out the differential equations that give
the zombie’s path?” asked Angus.

“Look at it this way,” I said. “Angus, you were going in
a circular path at a constant speed. So we can say that your
path was given by

〈xA(t), yA(t)〉 = 〈R cos(ωt), R sin(ωt)〉
where R is your radius and ω determines how fast you ride
around the circle.”

“How’d you get that?” asked Angus.
“Look,” I said as I drew Figure A.8.
“Since the angle isωt, your x-coordinate is R cos(ωt) and

your y-coordinate is R sin(ωt).”
“Okay,” said Angus.
“Then let 〈xZ(t), yZ(t)〉 be the position of the zombie at

time t. Let sZ be the speed of the zombie. All we know is that
the zombie’s velocity vector vZ(t) always points toward you,
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Figure A.9: Determining the zombie’s path in circular pursuit.

Angus.” I drew Figure A.9. “So at a given time t, we know
that vZ(t) = 〈x ′

Z(t), y′
Z(t)〉 points at 〈xA, yA〉.”

“So take the vector that goes from 〈xZ, yZ〉 to 〈xA, yA〉.
That’s the vector 〈xA − xZ, yA − yZ〉. Divide it by its length
to get a unit vector in the same direction. So we have〈

xA − xZ√
(xA − xZ)2 + (yA − yZ)2

,
yA − yZ√

(xA− xZ)2 + (yA− yZ)2

〉
.

If we multiply this by sZ , we have our velocity vector, since
it has the right direction and it has the right length.

“Then we get

vZ(t) = 〈x ′
Z, y′

Z〉 =

sZ

〈
xA− xZ√

(xA− xZ)2 + (yA− yZ)2
,

yA− yZ√
(xA− xZ)2 + (yA− yZ)2

〉
.
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“By considering each component separately, we obtain
two coupled differential equations:

dxZ
dt

= sZ
xA − xZ√

(xA − xZ)2 + (yA − yZ)2
,

dyZ
dt

= sZ
yA − yZ√

(xA − xZ)2 + (yA − yZ)2
.

“Adding in the expressions for xA and yA, we obtain:

dxZ
dt

= sZ
R cos(ωt) − xZ√

(R cos(ωt) − xZ)2 + (R sin(ωt) − yZ)2
,

dyZ
dt

= sZ
R sin(ωt) − yZ√

R cos(ωt) − xZ)2 + (R sin(ωt) − yZ)2
.

“So these are the differential equations that need to be
satisfied by the zombie’s path. But they’re too complicated
to get an analytic solution. Instead, you get a computer to
draw the path.”

VII. Logistic growth (continued from p. 84)

“As Jessie explained,” I said, “a disease often spreads so that
the rate of spread is proportional to the number infected
and the number not yet infected. So we have a differential
equation that looks like this:

dZ
dt

= kZ(P0 − Z)

where P0 is the initial population.”
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Since Z can be anything, we can set it to whatever we want.
So we set it to 0, and we find 1= AP0. So A= 1/P0. Plugging
that in, the equation becomes

1 = 1
P0

(P0 − Z) + BZ,

1 = 1 + Z
(−1

P0
+ B
)

,

−1
P0

+ B = 0,

B = 1
P0

.”

“And so that means what?”
“That means we now know

1
Z(P0 − Z)

= 1
P0Z

+ 1
P0(P0 − Z)

.

So, now we can integrate:

∫ dZ
Z(P0 − Z)

=
∫ dZ

P0Z
+
∫ dZ

P0(P0 − Z)
.

“We can do both these integrals. We get

∫ dZ
Z(P0 − Z)

= 1
P0

ln Z − 1
P0

ln (P0 − Z) + C

= 1
P0

ln
Z

P0 − Z
+ C .
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“Then
∫ dZ

Z(P0−Z) = ∫ k dt becomes

1
P0

ln
Z

P0 − Z
= kt + C,

ln
Z

P0 − Z
= P0kt + P0C,

Z
P0 − Z

= e P0kt+P0C .

Notice e P0C is just a constant. Let’s call it J . Then we have

Z
P0 − Z

= J e P0kt .

Now solve for Z .”
“How do we do that?” asked Angus.
“We multiply through by P0 − Z .”

Z = (P0 − Z)J e P0kt

Z = P0 J e P0kt − Z J e P0kt

Z(1 + J e P0kt) = P0 J e P0kt

Z = P0 J e P0kt

1 + J e P0kt

“So that is our function that gives Z as a function of
time t.”
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“In this case, we’ll set

u = t and dv = e−αtdt.

Then du = du
dt

dt = dt,

and v =
∫

dv =
∫

e−αtdt = −1
α

e−αt .

So according to the formula,

τ = α

∫ ∞

0
te−αtdt = α

(
t
−1
α

e−αt
]∞
0

−
∫ ∞

0

−1
α

e−αtdt
)

.”

“But you still have an integral to do,” said Jessie.
“Yes, but it’s easier than the first one. We can do it

directly, and we get

τ = α

(
t
−1
α

e−αt − 1
α2 e

−αt
)]∞

0

= − t
eαt − 1

αeαt

]∞
0

= lim
b→∞

− t
eαt − 1

αeαt

]b
0

= lim
b→∞

− b
eαb − 1

αeαb −
(

− 1
α

)
.”

“Wait,” said Jessie. “How do we take the limit of − b
eαb ? It

gives us ∞
∞ .”

I smiled. “We use L’Hôpital’s Rule.”
“Why are you smiling?”’
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Figure A.10: The slope field in the HZ-plane.

“And when H is near 0, the denominator is near 0, so dZ
dH

is near∞. So near the Z-axis, the slopes are almost vertical.”
“Okay, but I’m still not sure what the point is,” said

Angus.
“Bear with me,” said Jessie. “We can look at the diagonal

line given by Z =
α
β
γ

δ

H or Z = αδ
βγ

H . If we plug that value in
for Z and do the algebra, we get

dZ
dH

=
αδ
βγ

H(−γ + δH)
H(α − β( αδ

βγ
H))

=
αδ
β
(−1 + δ

γ
H)

α(1 − ( δ
γ
H))

= −δ

β
.

So nowwe know all the slopes along the diagonal are −δ
β
.”

“Okay,” said Angus. “So we get all these slopes. But what
do we do with them?”

“Then we can look at curves that appear to have those
slopes. We get a picture like this.” Jessie drew Figure A.11.
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Figure A.11: Curves in the slope field in the HZ-plane.

“That’s kind of cool. We just trace out curves that fit
those slopes. But can we get an explicit expression for the
curves?” asked Angus.

“I’m not sure,” said Jessie.
“I bet we can,” I said. “We can do a little algebra to

separate the variables in Equation A.0.1, putting Z on the
left and H on the right.”

(α − βZ)dZ
Z

= (δH − γ )dH
H

∫ (α − βZ)dZ
Z

=
∫ (δH − γ )dH

H
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Figure B.1: Distance travelled while running from a zombie as a
function of time.

“People run the hundred yard dash in under 10 seconds.”
“Yeah. Those are professional world-class athletes. Now,

do you want to know about derivatives or not?”
“Okay, keep going.”
“Look at the graph. At first, the graph is not that steep

near t = 0. That’s because you’re just getting started, and
you’re not running that fast yet. Then you get going faster
and the graph gets steeper. Then, at the end, you slow down,
when you reach the doors of Lattimer.

“You measure how fast you’re going at any given instant
t0 by considering the point on the graph corresponding to
t = t0, and taking the line through that point that’s tilted at
the same angle as the graph is tilted at that point.” She drew
Figure B.2.

“That’s called the tangent line. How steep that line is
measures how steep the graph is at that point, which tells you
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Figure B.2: The slope of the tangent line to a graph measures how steep
the graph is at that point.

how fast your function is changing at that point.Wemeasure
how steep the line is by its slope.”

“I already know about slopes of lines.”
“Good for you. When you’re going slowly, the slope of

the tangent line isn’t steep. But when you’re going your
fastest, the slope is the steepest. So that’s all there is to a
derivative f ′(t) of a function f (t). It’s just the slope of the
tangent line to the graph of the function f (t) at the point
corresponding to a particular t.”

“The slope of the tangent line. Got it.”
“Yup, and the variable, which in this example was t,

corresponding to time, could be anything. Lots of times,
people use an x. So we’ll have a function f (x) with values
that depend on x. Then its derivative f ′(x) also depends on
x, since the slope of the tangent line varies as we change the
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Figure B.3: Positive derivative means positive slope, which means the
function is increasing.

y

y = f(x)

x

Figure B.4: Negative derivative means negative slope, which means the
function is decreasing.
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Figure B.5: At a local maximum or minimum, the derivative is 0.

“So what about the derivative there?”
“At a max or min, the function is neither increasing nor

decreasing. So the derivative is neither positive nor negative.
What number is neither positive or negative?”

“Is this a riddle?”
“No, it’s a question.”
“It’s a stupid question.”
“So you don’t know?”
“It’s zero.”
“Right. So at a max or min, the derivative has to be 0. You

can also see this in the picture. At a max or min, the tangent
line has to be horizontal with slope 0” (Figure B.5.).

“Why is that a big deal?” asked Connor.
“Being able to figure out where your function has its

highest value or lowest value is a big deal. In fact, this used
to be the most common use of the derivative. Suppose you’re
the CEO of a multinational company that makes Ferraris.”
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Figure B.6: The slope of the secant line approximates the slope of the
tangent line.

“No, it’s not. Do you see the secant line hitting the graph
at (x, f (x)) and (x + �x, f (x + �x))?”

“Yeah, I see it.”
“And can you see that if I shrink �x smaller and smaller,

the point (x+�x, f (x+�x)) moves down the curve toward
the point (x, f (x))? And the secant line swings down and
becomes the tangent line?”

“Yeah, I guess.”
“So then the slope of the secant line would get closer and

closer to the slope of the tangent line we want to compute.
The slope of the secant line is

m = �y
�x

= f (x + �x) − f (x)
(x + �x) − x

= f (x + �x) − f (x)
�x

.”
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Figure B.7: For a constant function, slope and hence derivative is 0
everywhere.

III. The Constant Multiple Rule.
d(c f )
dx

= c
d f
dx

.
“So constants pass right through the derivative,” said

Ellie.
“If you say so.”
“You’re not getting this, are you?”
“I get it. The derivative of 3 times f is 3 times the

derivative of f .”
“Okay, then if you’re so smart, let’s try you with a harder

rule.”

IV. The Power Rule.
d
dx

(xn) = nxn−1.

“What’s the n?” asked Connor.
“It can be any number you want. So, for instance,

d
dx

(x2) = 2x1 and
d
dx

(x100) = 100x99.”
“That doesn’t seem hard.”
“Good. So then if we want the derivative of f (x) =

7x3 + 4x2 − 2x + 9, the Sum Rule lets us take the derivative
of each of the individual terms, the Constant Multiple Rule
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Figure B.8: f ′′(x) determines concavity.

“Integrals?

They’re the other half of calculus. Integration is the inverse
operation of differentiation.”

“Wait a minute. You never said anything about differen-
tiation. What’s that?”

“What do you mean? I just told you about differentia-
tion.”

“No you didn’t. You told me about derivatives.”
“Oh, my God,” said Ellie.“Differentiation is just the act of

taking a derivative.”
“Then it should be called derivativization.”
“Yeah, right,” said Ellie, rolling her eyes. “Good thing

you’re not in charge of the dictionary.”
“You know I’m right.”
“I’m just going to ignore your suggestion. As I was

saying, in taking a derivative, which is called differentiation,
we start with a function f (x) and we find a new function
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Figure B.9: Integrating over this region R.

“No, that’s not all. You can also have double integrals in
polar coordinates.”

“Polar as in the North Pole?”
“No, polar as in a different set of coordinates. Usually,

we use rectangular coordinates (x, y) to describe points in
the plane. But we can also use polar coordinates (r, θ), like
here” (Figure B.10).

“The coordinate r is just the distance from our point back
to the origin. By the Pythagorean Theorem, which even you
should know, r = √x2 + y2. The coordinate θ is just the
angle between the line segment from the origin to the point
and the positive x-axis.

“Sometimes we want to be able to convert a double
integral in rectangular coordinates into one in polar coor-
dinates. We have to choose the limits of integration so that
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Figure B.10: Polar coordinates.

we cover the same region R. The interesting part is that the
differential of area dA that began as dydx or dxdy becomes
rdrdθ . The extra r comes from the fact that if we vary each
of the two variables r and θ by a little bit, we get a region
like this.” She drew Figure B.11. “Its area is approximately
rdθdr .” (See p. 164 for more on this.)

“I’m tired of integrals,”said Connor as he dropped some
more bullets in a baggie. “What are those things Dad always
mentions? He calls them differential equations. He acts
like they are really important.”

“They are really important. They describe everything.”
“No, they don’t. They don’t describe what I’m thinking

about you right now.”
“I mean that whatever process you’re interested in,

whether it’s the spread of zombies, or the growth of plants,
or gravity, it can probably be explained using differential
equations.”

“So what’s a differential equation?”
“It’s just an equation that involves derivatives. For ex-

ample, dx
dt + 3x2 − 7 = 0 is a differential equation. So is

d2y
dx2 + 3 dy

dx − 6y + x2 = 4.”
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Figure B.11: A small area in polar coordinates.

“Okay, so what is something described by a differential
equation?”

“Well, take dy
dt = ky. This is a very common differential

equation, because it just says that the rate of growth of a
population is proportional to the size of the population. The
bigger the group, the faster it grows. Think of bacteria in a
very big petri dish with lots of nutrients. The bacteria are
happy, they have all their needs met, so they procreate.”

“By procreate, do you mean have sex?”
“No, I don’t. Bacteria don’t have sex. They just split to

make more bacteria. And the more of them there are, the
more new ones that are produced.”

“But what good is the differential equation?”
“You have to solve it for it to be useful. To solve this

equation, you use separation of variables. In this case, we
can do some algebra to separate all the terms that involve y
on the left and all the terms that involve t on the right. So
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Figure B.12: The vector v = 〈3, 2〉. It has direction and length.

“We shot arrows in gym once. Aaron Menand almost
shot Kyla Devereaux. Missed her by an inch. He got in a lot
of trouble.”

“From what I heard about him, he used to get in a lot of
trouble all the time.”

“Yeah, the gym teacher should have known better than
to give him a bow and arrow.”

“Anyway, back to vectors. The initial point of the vector
can be anywhere. We describe a vector in the plane by giving
its x and y coordinates. So we might write v = 〈3, 2〉. If
we draw the vector so that it starts at (0, 0), then this vector
will end at the point (3, 2). But remember, we can start it
anywhere.” (See Figure B.12.)

“By the Pythagorean Theorem, the length of v, denoted
|v|, is given by |v| = √

32 + 22 = √
13.”
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Figure B.13: The path taken by the provost to avoid zombies.

function , since for any value t that we put in, we get out a
vector 〈 f (t), g (t)〉.”

“Why do you use the funny sharp vector brackets for it?
Why not just use ( f (t), g (t))?”

“It doesn’t really matter. You could do that, too. But
when we take derivatives of it, we’ll want it to be a vector.
So it makes sense to think of this as a vector now. But just
think of the vector as starting at the origin and ending at
( f (t), g (t)).”

“Okay.”
“Okay. So let’s look at some simpler examples. Suppose

instead, Provost Wilshore cuts across the quad with position
function p(t) = 〈t, t〉. Then as t varies from time t = 0
to time t = 30 seconds, since x = t and y = t, it must
be that x = y the whole time, so she takes the straight line
diagonal.”
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Figure B.14: The provost’s parabolic path showing a velocity vector.

since d f/dt = 1 and dg/dt = 1, v(t) = 〈1, 1〉, so
the velocity vector points in the direction of the diagonal
line along which she is running and its length is |v(t)| =√
12 + 12 = √

2. So she is running at a constant speed of
√
2

feet per second. Probably not fast enough. . . ”
“But if she runs with position vector p(t) = 〈t, t2〉, then

v(t) = 〈1, 2t〉. Notice that as time passes, this vector changes
both direction and length. But at all times, it is tangent to this
parabolic path, like in this picture.”(See Figure B.14.)

“Its length is given by |v(t)| =
√
12 + (2t)2 = √

1 + 4t2.
So initially, at time t = 0, she is only going 1 foot per
second. But notice that as time progresses, she is speeding
up. By time t = 1 second, she is going

√
5 feet per second,

and by t = 2 seconds, she is going
√
17 feet per second.
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