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Figure 1: Probability in Bachelier’s Model 
 

 
 

Bachelier discovered that if the price of a stock undergoes a random walk, the probability that 
the price will take a particular value in the future can be calculated from a curve known as a 

normal distribution. These plots show how that works for a stock whose price is $100 now. Plot 
(a) is an example of a normal distribution, calculated for a particular time in the future, say, five 
years from now. The probability that, in five years, the price of the stock will be somewhere in a 
given range is given by the area underneath the curve—so, for instance, the area of the shaded 

region in plot (b) corresponds to the probability that the stock will be worth somewhere between 
$60 and $70 in five years. The shape of the plot depends on how long into the future you are 

thinking about projecting. In plot (c), the dotted line would be the plot for a year from now, the 
dashed line for three years, and the solid line for five years from now. You’ll notice that the plots 
get shorter and fatter over time. This means that the probability that the stock will have a price 
very far from its initial price of $100 gets larger, as can be seen in plot (d). Notice that the area 
of the shaded region under the solid line, corresponding to the probability that the price of the 

stock will be between $60 and $70 five years from now, is much larger than the area of the 
shaded region below the dotted line, which corresponds to just one year from now. 
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Figure 2: Probability in Osborne’s Model 
 

 
 

Osborne argued that rates of return, not prices, are normally distributed. Since 
price and rate of return are related by a logarithm, Osborne’s model implies that prices 

should be log-normally distributed. These plots show what these two distributions look like 
at some time in the future, for a stock whose price is $10 now. Plot (a) is an example of a 

normal distribution over rates of return, and plot (b) is the associated log-normal 
distribution for the prices, given those probabilities for rates of return. Note that on 

this model, rates of return can be negative, but prices never are. 



4 

Figure 3: Cauchy Distributions 
 

 
 

The location of a drunken vacationer trying to find his hotel room on a long corridor is governed 
by a normal distribution. But not all random processes are governed by normal distributions. 
Where the bullets fired by a drunken firing squad will land is determined by a different sort of 
distribution, called a Cauchy distribution. (Note that the angle at which the members of the 

drunken firing squad fire will be governed by a normal distribution; it’s the location on the wall 
that they are trying to hit that is governed by the Cauchy distribution!) Cauchy distributions (the 
solid line in this figure) are thinner and taller than normal distributions (the dashed line) around 
their central values, but their tails drop off more slowly—which means that events far from the 

center of the distribution are more likely than a normal distribution would predict. For this reason, 
Cauchy distributions are called “fat-tailed” distributions. Mandelbrot called phenomena governed 

by fat-tailed distributions “wildly random” because they experience many more extreme events. 
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Figure 4: Lévy Stable Distributions 
 

 
 

Normal distributions and Cauchy distributions are two extreme cases of a class of distributions 
called Lévy-stable distributions. Lévy-stable distributions are characterized by a parameter 

called alpha. If alpha = 2, the distribution is a normal distribution; if alpha = 1, it is a Cauchy 
distribution. Mandelbrot argued that real market returns are governed by Lévy-stable 

distributions with alpha between 1 and 2, which means that returns are more wildly random than 
Osborne had thought, though not as wild as a drunken firing squad. This figure shows three 
Lévy-stable distributions. As in Figure 3, the solid line corresponds to a Cauchy distribution  
and the dotted line is a normal distribution. But the third curve is a Lévy-stable distribution  
with alpha = 3/2. It’s a little taller and a little narrower than a normal distribution, and its  

tails are a little fatter, but it’s not so extreme as a Cauchy distribution. 
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Figure 5 
 

 
 

If you move an arrow along a path on a curved surface, being careful to keep the arrow pointing 
in the same direction at all times, the direction that the arrow points at the end of the path will 

depend on the path taken. Mathematicians call this property of curved surfaces “path 
dependence of parallel transport.” In this figure, there are two paths around a sphere. The first 
path takes the arrow from point A around the equator and back to point A. At the end of the trip, 
the arrow faces the same direction as when it began. The second trip again starts at point A and 
travels around the equator, but only halfway. On the other side of the sphere, the path moves up 
over the North Pole and returns to point A that way. At the end of this trip, the arrow is pointing 

in the opposite direction from when the trip began. Weyl observed that it was possible to 
construct physical theories in which not only was direction path dependent, but so was the length 
of an arrow. The physical world doesn’t actually work that way, but in the years since Weyl first 
came up with his theory—which he called a gauge theory—many physicists and mathematicians 

have adapted the mathematics he invented to other problems, with much more success. 
 


